In the framework of the one-boson exchange model, we have calculated the effective potentials between two heavy mesons B * B * and D * D * from the t-and u-channel π-, η-, ρ-, ω-and σ-meson exchanges. We keep the recoil corrections to the B * B * and D * D * systems up to O( 1 M 2 ), which turns out to be important for the very loosely bound molecular states. Our numerical results show that the momentum-related corrections are favorable to the formation of the molecular states in the I G = 1 + , J PC = 1 +− in the B
I. INTRODUCTION
A lot of charmonium-like states have been reported in the past decade by the experiment collaborations such as Belle, Barbar, CDF, D0, LHCb, BESIII, and CLEOc. The underlying structures of many charmonium-like states are not very clear. Sometimes they are called as XYZ states. They decay into conventional chromium, but not all of them can be accommodated into the quark-model charmonium spectrum. The neutral XYZ states include X(3872) [1] , Y(4260) [2] , Y(4008) [3] , Y(4360) [4] , Y(4660) [5] , and Y(4630) [6] etc. There are also many charged charmonium-like states such as Z 1 (4050) and Z 2 (4250) [7] , Z c (4485) [8, 9] , Z c (3900) [10] [11] [12] , Z c (4020) [13] , Z c (4025) [14] . The charged bottomonium-like states Z b (10610) and Z b (10650) were observed by Belle Collaboration [15] .
Theoretical speculations of these XYZ states include the hybrid meson [16] , tetraquark states [17] [18] [19] [20] [21] [22] [23] , dynamically generated resonance [24] and molecular states [25] [26] [27] [28] [29] [30] [31] [32] [33] etc. Since many of these XYZ states are close to the thresholds of a pair of charmed or bottom mesons, the molecular hypothesis seems a natural picture for some of these states.
Within the framework of the molecular states, there exist extensive investigations of the charged Z c and Z b states [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . In our previous work [45] , we explored the possibility of Z c (3900) as the isovector molecule partner of X(3872) and considered the recoil correction and the spin-orbit force in the DD * and BB * system very carefully.
Although there exist quite a few literatures on the possibility of Z c (4025) as the D * D * molecular state and Z b (10650) as the B * B * molecular state, most of the available investigations are either based on the heavy quark spin-flavor symmetry or derived in the m Q → ∞. In other words, the recoil correction and the spin-orbit interaction have not been investigated for the D * D * and B * B * systems. Since the binding energies of these system are very small, the high order recoil correction and the spin-orbit interaction may lead to significant corrections.
In this work, we will go one step further. We will consider the recoil correction and the spin-orbit force for the D * D * and B * B * systems. With the one-boson-exchange model (OBE), we will derive the effective potential with the relativistic Lagrangian and keep the momentum related terms explicitly in order to derive the recoil correction and the spin- This paper is organized as follows. We first introduce the formalism of the derivation of the effective potential in Sec. II. We present our numerical results in Sec. III and Sec. IV. The last section is the summary and discussion.
II. THE EFFECTIVE POTENTIAL

A. Wave function, Effective Lagrangian and Coupling constants
First, we construct the flavor wave functions of the isovector and isoscalar molecular states composed of the B * B * and D * D * as in Refs. [36, 37] . The flavor wave function of the B * B * system reads
For the
The meson exchange Feynman diagrams for the B * B * and D * D * systems at the tree level is shown in Fig. 1 . Based on the chiral symmetry, the Lagrangian for the pseudoscalar, scalar and vector meson interaction with the heavy flavor mesons reads
where the heavy flavor meson fields P and P 
According to the OBE model, five mesons ( π, σ, ρ, ω and η) contribute to the effective potential. Table I . The pionic coupling constant g = 0.59 is extracted from the width of D * + [46] . f π =132 MeV is the pion decay constant. According the vector meson dominance mechanism, the parameters g v and β can be determined as g v = 5.8 and β = 0.9. At the same time, by matching the form factor obtained from the light cone sum rule and that calculated from the lattice QCD, we can get λ = 0.56 GeV −1 [47, 48] . The coupling constant related to the scalar meson exchange is g s = g π /2 √ 6 with g π = 3.73 [37, 49] . All these parameters are listed in Table II. 
In order to include all the momentum-related terms in our calculation, we introduce the polarization vector of the vector mesons. At the rest frame we have
We make a lorentz boost to Eq. 13 to derive the polarization vector in the laboratory frame 
where p f (i) denotes the four momentum of the final (initial) state. During our calculation, P 1 = (E 1 , p) and P 2 = (E 2 , − p) denote the four momenta of the initial states in the center mass system, while P 3 = (E 3 , p ′ ) and P 4 = (E 4 , − p ′ ) denote the four momenta of the final states, respectively.
is the transferred four momentum or the four momentum of the meson propagator. For convenience, we always use
and
instead of p ′ and p in the practical calculation. In the OBE model, a form factor is introduced at each vertex to suppress the high momentum contribution. We take the conventional form for the form factor as in the Bonn potential model.
m α is the mass of the exchanged meson and m * is the mass of the heavy flavor meson D * or B * . So far, the effective potential is derived in the momentum space. In order to solve the time independent Schrödinger equation in the coordinate space, we need to make the Fourier transformation to V( q, k). The details of the Fourier transformations are presented in the Appendix.
The expressions of the potential through exchanging the σ, ρ mesons are (23) The ω and ρ meson exchange potentials have the same form except that the meson mass and channel-dependent coefficients are different. The expression of the potential through exchanging the π meson is (24) where S ′ 12 and S 12 have the form
Compared to the DD * case, there appear several new interaction operators:
. These operator represent the new form of the tensor, spin-spin and spin-orbit interactions.
Similarly, the η and π meson exchange potential has the same form in the D * D * and B * B * system except the meson mass and channel-dependent coefficients. The explicit forms of F µtα ,F µuα ,F µtνα , F µuνα are shown in the Appendix.
In our calculation, we explicitly consider the external momentum of the initial and final states. Due to the recoil corrections, several new terms appear which were omitted in the heavy quark symmetry limit. These momentum dependent terms are related to the momentum k =
The term in Eq. (28) is the well-known spin orbit force. In short, all the terms in the effective potentials in the form of F 3t1ρ , F 4t1ρ , F 5tρ etc with the sub-indices 3, 4, 5 arise from the recoil corrections and vanish when the heavy meson mass m * goes to infinity. The recoil correction and the spin orbit force
2 ).
C. Schrödinger equation
With the effective potential V( r) in Eqs. (23) ∼ (27), we are able to study the binding property of the system by solving the Schrödinger Equation
where Ψ( r) is the total wave function of the system. The total spin of the system S = 1 and the orbital angular momenta L = 0 and L = 2. Thus the wave function Ψ( r) should have the following form
where ψ S ( r) and ψ D ( r) are the S -wave and D-wave functions, respectively. We use the same matrix method in Ref. [45] to solve this S-D wave couple-channel equation.
We detach the terms related to the kinetic-energy-operator ∇ 2 from V( r) and re-write Eq. (29) as
with
in which α(r) is
The total Hamiltonian contains three angular momentum related operators (
, which corresponds to the spinspin interaction, spin orbit force and tensor force respectively. They act on the S and D-wave coupled wave functions φ S +φ D and split the total effective potential V( r) into the subpotentials V S S (r), V S D (r), V DS (r) and V DD (r). The matrix form reads
III. NUMERICAL RESULTS FOR THE B * B * SYSTEM
We diagonalize the Hamiltonian matrix to obtain the eigenvalue and eigenvector. If there exists a negative eigenvalue, there exists a bound state. The corresponding eigenvector is the wave function. We use the variation principle to solve the equation. We change the variable parameter to get the lowest eigenvalue. We also change the number of the basis functions to reach a stable result.
A. Z b (10650)
Since the mass of the charged bottomonium-like state Z b (10650) is close to the B * B * system, we first consider the possibility of the B * B * molecule with I G = 1 + , J PC = 1 +− . In order to reflect the recoil correction of the momentum-related terms, we plot the effective potential of the S-wave and Dwave with or without the momentum-related terms in Fig. 2 . We collect the numerical results in From Fig 3 C , it is clear that the π exchange is much more important than the other meson-exchanges. Considering that the coupling constant g is extracted from the D * decay width with some uncertainty, we multiply g by a factor from 0.99 to 1.1 to check the dependence of the binding energy on this parameter. The numerical results are listed in Table IV We also investigate the B * B * system with I G = 0 − , J PC = 1 +− . The effective potential and the meson-exchange contribution are shown in Fig 2 and the cutoff parameter Λ = 1.0 GeV, there is no bound state after adding the recoil correction. The recoil correction is 0.3 MeV. When the cutoff parameter Λ = 1.3 GeV, the binding energy is 41.69 MeV. The recoil correction is 12.05 MeV, and the contribution of the spin-orbit force is 4.3 MeV. In this case, the recoil correction is significant and it is almost as big as the coil correction is 0.15 MeV, and the contribution of the spinorbit force is 0.03 MeV. When the cutoff parameter Λ = 1.2 GeV, the binding energy is 63.76 MeV. The recoil correction is 4.02 MeV, and the contribution of the spin-orbit force is 1.39 MeV. The recoil correction is of the same order as the D-wave contribution. Moreover, it increase with the binding energy. Therefore, the recoil effect can not be neglected. However, the recoil correction is unfavorable for the formation of the molecule in this system. Unfortunately, we did not get a bound state within a reasonable range of the cutoff parameter and coupling constant. The value of the pionic coupling constant was extracted from the decay width of the D * meson where the pion is on the massshell. However we need the value of the coupling constant in the potential where the pion is off-shell. Considering the big influence of the π meson-exchange, we multiply the coupling constant g by a factor to check the dependence of the results on g. The cutoff parameter is fixed at Λ = 2.0 GeV. The results are shown in Table VIII .
IV. NUMERICAL RESULTS FOR D
When the factor reaches 1.6, there appears the bound state. The binding energy with the recoil correction is 1.15 MeV and the recoil correction is −0.05 MeV. The contribution of the spin-orbit force is 0.01 MeV. When the factor is 1.8, the binding energy with recoil correction is 28.62 MeV, and the recoil correction is −0.28 MeV. The contribution of the spinorbit force is 0.07 MeV. As in the B * B * system with I G = 1 + , J PC = 1 +− , the recoil correction is not so big. But the recoil correction is favorable for the formation of D * D * molecular state. In other words, the existence of the D * D * molecule depends on the coupling constant g sensitively. Table III . From Fig 4 D and Fig 5 D , the recoil correction is very small while the π meson-exchange plays an significant role in the interaction. There also does not exist a bound state when the cutoff parameter is within a reasonable range. We also study the variation with the coupling constant g. The results are shown in Table IX .
The recoil correction is also very small in this system. For example, when the binding energy is 4.71 MeV, the recoil correction is only −0.03 MeV, and the contribution of the spinorbit force is 0.05 MeV. And the recoil correction is favorable for the formation of the molecular state. For the J PC = 1 +− case, when cutoff parameter changes from 1.4 − 1.6 GeV, the binding energy with the recoil correction is within 0.58 − 17.09 MeV. The binding energy without the recoil correction is within 3.83 − 17.09 MeV. The recoil correction is large. For example, when the binding energy is 0.58 MeV, the recoil correction is 3.25 MeV, even bigger than the binding energy itself. The contribution of the spin-orbit force is 0.4 MeV, which is almost as large as the binding energy.
For the J PC = 1 ++ case, when cutoff parameter changes from 1.3 − 1.6 GeV, the binding energy with the recoil correction is within 9.13 − 43. 
We consider the π, η σ, ρ and ω meson exchange in the derivation 
VI. APPENDIX
We collect the lengthy formulae in the appendix.
where for system DD *
for system BB * = S · LF 5t0α (56) (58) (60)
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